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Abstract
We report on progress in determining the complete form of vertex operators for the IIB ma-
trix model. The exact expressions are obtained for those emitting massless IIB supergravity
fields up to sixth order in the light-cone superfield, in which the conjugate gravitino and con-
jugate two-form vertex operators are newly determined. We also provide a consistency check
by computing the kinematical factor of a four-point graviton amplitude in a D-instanton
background. We conjecture that the low-energy effective action of the IIB matrix model at
large N is given by tree-level supergravity coupled to the vertex operators.
December 2006
1 Introduction
Realizing string theory as a matrix model is an efficient way for investigating its nature
beyond perturbation. Among others, the IIB matrix model is in a sense the simplest proposal,
and there are several good reasons to believe that it is a natural framework for type IIB string
theory. The first direct link between them is that the former may be regarded as a matrix
regularization of the latter [1]. Another suggestive fact is that, defined as a zero-dimensional
reduced model of the maximal supersymmetric Yang-Mills theory, the IIB matrix model can
be thought of as an effective theory of D-instantons. Since its has twice as many supercharges
as the original Yang-Mills, it must also contain a graviton. Indeed the analysis based on the
one-loop effective action has already revealed an interaction due to a graviton exchange [1].
Furthermore, the continuum limit of the loop equation was shown to reproduce the type IIB
light-cone superstring field theory [2].
One of the issues of the IIB matrix model is how it describes the coupling to the supergravity
multiplet. The first study of this question was undertaken by one of the present authors [3],
who constructed a set of vertex operators for the massless supergravity multiplet to leading
order in momentum k by repeatedly applying the N = 2 SUSY transformations to the
straight Wilson line operator. There was also found a set of “wave functions” which are dual
to the vertex operators and linearly transform under the N = 2 SUSY transformations.
To fully determine the complete form of them is a hard task. In [4] it was noticed that the
supersymmetric Wilson loop operators were useful tools in determining the complete form
of vertex operators. In general, Wilson loops are basic gauge invariant objects in any gauge
theory. In particular, in the IIB matrix model, they describe creations and annihilations
of fundamental strings [1, 2], of which the lowest excitations are the massless fields of IIB
supergravity multiplet. Therefore it is natural that Wilson loop operators come into play
in the construction of vertex operators in the IIB matrix model. Expanding a supersym-
metric Wilson loop operator as a polynomial of the “mean field” fermion variable λ, which
may be identified as the light-cone superfield variable, exact vertex operators have been
systematically derived [4] up to fourth order in λ.
If one goes beyond that order, one is faced with the enormous task of algebras and Fierz
arrangements. In this paper, to simplify the computations, we develop some alternative
ways of deriving them, as we will explain shortly. Combining information obtained through
these as well as other available means, we determine the complete form of vertex operators
up to sixth order in λ. The expressions for vertex operators emitting a conjugate gravitino
(Ψcµ) and a conjugate two-form field (B
c
µν) are the new results. To compute the remaining
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two most complicated ones of O(λ7) and O(λ8) (corresponding to the conjugate dilatino
and the conjugate dilaton) still require another enormous amount of labor, and they are not
determined so far. The work is in progress.
The contents of this paper are as follows. In section 2, we briefly review the general concept
of vertex operators in the IIB matrix model and the idea of how to compute them. In section
3, we describe the method adopted in [4] as well as our improved ones which simplifies the
calculation. In section 4, we present the new expressions for the conjugate gravitino and
conjugate two-form vertex operators. We also display other vertex operators known so far
for completeness. In section 5 a consistency check is given by computing the kinematical
factor of the four-point graviton amplitude. Section 6 is devoted to the conclusions. In two
Appendices we collect useful formulas and summarize our results.
2 Vertex operators for the IIB matrix model
The action of the IIB matrix model is [1]
S = −
1
4
tr[Aµ, Aν ]
2 −
1
2
tr
(
ψ¯Γµ[Aµ, ψ]
)
, (2.1)
where Aµ and ψ are N × N Hermitian matrices which transform as a D = 10 Lorentz
vector and a Majorana-Weyl spinor. Vertex operators in the IIB matrix model are given by
functions of them, and are characterized by the properties: (i) They describe linear couplings
to the background fields. (ii) They are related with each other by the supersymmetry
transformations. Let Vi(A,ψ) be the vertex operator associated with the background field
fi which is any of the members of type IIB supergravity multiplet. Then the property (i)
implies that the interaction terms are given by
Sint =
∑
i
Vi(A,ψ)fi, (2.2)
and (ii) asserts that the following equation holds [5]:∑
i
Vi(δA, δψ)fi =
∑
i
Vi(A,ψ)δfi, (2.3)
where δ is a supersymmetry variation. The relation (2.3) ensures the super invariance of
correlation functions
W (fi) ≡ 〈
∑
i
Vi(A,ψ)fi〉, (2.4)
and, in principle, determines the form of vertex operators completely [3]. Indeed, the vertex
operators for all members of the IIB supergravity multiplet were determined in this way to
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leading order in momentum k [3]. The derivation of the complete form becomes, however,
more complicated as the vertex operator comes to include more fermions.
The authours of [4] have developed, by utilizing a supersymmetric Wilson loop operator, a
more systematic way of determining the exact form of vertex operators in the IIB matrix
model. Let us focus on the operator
w(A,ψ;λ) = eλ¯Q1treik·Ae−λ¯Q1 , (2.5)
where λ is a Majorana-Weyl spinor and Q1 is one of the N = 2 SUSY generators of the IIB
matrix model
ǫ¯1Q1 = i(ǫ¯1Γµψ)
δ
δAµ
−
i
2
FµνΓ
µνǫ1
δ
δψ
, (2.6)
ǫ¯2Q2 = ǫ2
δ
δψ
, (2.7)
where Fµν = [Aµ, Aν ]. w(A,ψ;λ) is the simplest supersymmetric Wilson loop operator first
introduced in [6]. One of the nice properties of w(A,ψ;λ) is that it transforms under the
N = 2 SUSY as [4]
[ǫ¯Q1, w(A,ψ;λ)] = ǫ
δ
δλ
w(A,ψ;λ), (2.8)
[ǫ¯Q2, w(A,ψ;λ)] = (ǫ¯k/λ)w(A,ψ;λ). (2.9)
In other words, the operations (2.6)(2.7) acting on the space of functions of matrices Aµ and
ψ amounts to the operations
δ(1) = ǫ
δ
δλ
, (2.10)
δ(2) = ǫ¯k/λ (2.11)
on the space of polynomials of λ. Since (2.10)(2.11) realize theN = 2 SUSY algebra, one may
construct a representation in this space. In the following we take k2 = 0, then the irreducible
subspace is spanned by monomials of λ of at most degree eight. Such a polynomial can be
regarded as a light-cone superfield for the massless typeIIB supergravity multiplet [7].
The basic strategy of deriving vertex operators adopted by [4] is as follows : We first find a
set of homogeneous polynomial of λ such that each of them corresponds to some supergravity
field and transforms as a linearized SUSY multiplet by the operations (2.10)(2.11). Such a
polynomial is called a wave function. We expand the supersymmetric Wilson loop w(A,ψ;λ)
as a polynomial of λ in terms of wave functions
w(A,ψ;λ) =
∑
i
Vi(A,ψ)fi(λ). (2.12)
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One immediately finds∑
i
[ǫ¯Qj , Vi(A,ψ)]fi(λ) =
∑
i
Vi(A,ψ)δ
(j)fi(λ) (2.13)
for j = 1, 2. Thus the supersymmetric Wilson loop realizes the relation (2.3), and the
coefficient of each wave function can be identified as the corresponding vertex operator. The
fermionic variable λ may be regarded as an isolated eigenvalue of the matrix ψ representing
the effect of the background as a “mean field” [4, 8]. Indeed the SUSY transformations
for such a single eigenvalue are generated by (2.10)(2.11) if the off-diagonal interactions
are neglected. Thus we see that the wave functions for the external fields are realized as
condensations of particular spinor eigenvalues of the matrix model.
3 The methods
In this section we will show how we determine the form of vertex operators in some detail.
We begin by rewriting the supersymmetric Wilson loop as
w(A,ψ;λ) = treik·A+Σ
8
n=1Gn , (3.1)
where Gn is defined by
Gn =
1
n!
[λ¯Q1, · · · [λ¯Q1, ik · A] · · · ] (n commutators), (3.2)
and hence contains n λ’s. The sum in the exponent of (3.1) terminates at G8 because λ has
only eight independent components. Each term can be evaluated as
G0 = ik · A, (3.3)
G1 = ψ¯k/λ, (3.4)
G2 =
i
4
bµν [Aµ, Aν ], (3.5)
G3 = −
1
3!
bµν [λ¯Γµ, Aν ], (3.6)
G4 =
1
4!
(
i
2
bµν(λ¯Γµρσλ)[[A
ρ, Aσ], Aν ]− ib
µν [λ¯Γµψ, λ¯Γνψ]
)
, (3.7)
G5 = −
(
1
5!
bµν(λ¯Γµρσλ)[[λ¯Γ
ρψ,Aσ], Aν ] +
3
2
bµν(λ¯Γµρσλ)[[A
ρ, Aσ], λ¯Γνψ]
)
, (3.8)
...
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Expanding (3.1) and collecting terms with the same powers of λ, we get
w(A,ψ;λ) = Streik·A
[
1 +G1 +
(
1
2!
(G1)
2 +G2
)
+
(
(G1)
3
3!
+G1 ·G2 +G3
)
+
(
(G1)
4
4!
+
1
2
(G1)
2 ·G2 +
1
2
(G2)
2 +G1 ·G3 +G4
)
+
(
(G1)
5
5!
+
1
3!
(G1)
3 ·G2 +
1
2
G1 · (G2)
2 +
1
2
(G1)
2 ·G3 +G2 ·G3 +G1 ·G4 +G5
)
+ · · ·
]
, (3.9)
where “Str” means the symmetrized trace whose definitions and some properties are given
in the appendix. If we let i in (2.12) denote the power of λ (but see below for i = 4), we
obtain
V0(A,ψ)f0(λ) = Stre
ik·A, (3.10)
V1(A,ψ)f1(λ) = StrG1e
ik·A, (3.11)
V2(A,ψ)f2(λ) = Str
(
1
2!
(G1)
2 +G2
)
eik·A, (3.12)
V3(A,ψ)f3(λ) = Str
(
(G1)
3
3!
+G1 ·G2 +G3
)
eik·A, (3.13)
...
Vn(A,ψ)fn(λ) = Str
(
(G1)
n
n!
+ · · ·+Gn
)
eik·A, (3.14)
...
If we rearrange the right hand side in terms of wave functions, we obtain corresponding
vertex operators [4]. Note that there are two independent wave functions (graviton and self-
dual four-form field) at i = 4. Therefore the terms of O(λ4) split into a linear combination
of them; each coefficient is a vertex operator in this case.
Although this method offers a systematic derivation, it requires too many calculations for
orders higher than four. In order to reduce the amount of labor in the derivation, we have
developed the following two improved methods. The first one uses a different expansion of
the supersymmetric Wilson loop as
w(A,ψ;λ) = eλ¯Q1treik·Ae−λ¯Q1
= Str
(
eik·A + [λ¯Q1, e
ik·A]
+
1
2!
[λ¯Q1, [λ¯Q1, e
ik·A]] + · · ·+
1
8!
[λ¯Q1, · · · [λ¯Q1, e
ik·A] · · · ]
)
. (3.15)
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Again, the sum terminates at O(λ8). From (3.15) we obtain
Vn(A,ψ)fn(λ) = Str
1
n!
[λ¯Q1, · · · [λ¯Q1, e
ik·A] · · · ]
= Str
1
n!
(
i(λ¯Γµψ)
δ
δAµ
−
i
2
FµνΓ
µνλ
δ
δψ
)n
eik·A. (3.16)
This equation relates the O(λn) term with the O(λn−1) term as
Vn(A,ψ)fn(λ) =
1
n
(
i(λ¯Γµψ)
δ
δAµ
−
i
2
FµνΓ
µνλ
δ
δψ
)
Vn−1(A,ψ)fn−1(λ). (3.17)
Therefore, once we know the exact expression for Vn−1(A,ψ), we can determine Vn(A,ψ)
by using this relation. Note that the operator in the right hand side is the homogeneous
supersymmetry transformation (2.6) with parameter λ. Thus, Vn(A,ψ) is determined by
supersymmetry. This is close to the original method adopted in [3], but what is new here is
that we can now use the precise expressions of wave functions obtained in [4] as we present
in the next subsection.
The second alternative method uses another recursion relation [9]
ǫ¯
δ
δψ
Vn(A,ψ)fn(λ) = (ǫ¯k/λ)Vn−1(A,ψ)fn−1(λ), (3.18)
which can easily be shown by comparing the O(λn) terms on the left and right hand sides of
(2.9). Using this formula, we can also determine the form of Vn(A,ψ) if Vn−1(A,ψ) is known.
In this case Vn(A,ψ) is transformed by inhomogeneous supersymmetry transformation(2.7).
The advantage of the first method is that we do not need to calculate the polynomial of
Gi’s, which becomes longer as the power of λ gets higher. The disadvantage is that it is not
easy to reexpress the polynomials of λ in terms of wave functions. On the other hand, the
advantage of the second method is that the right hand side can readily be written in terms
of the next wave function by using the SUSY transformation formula. The disadvantage is
that it is not a trivial problem to integrate the left hand side by ψ. Anyway, by combining
information obtained in various ways above, we have successfully obtained new expressions
for the vertex operators of O(λ5) and O(λ6), as we now show.
4 The explicit forms of vertex operators
We will now display our results. The expressions for the conjugate gravitino and conjugate
two-form vertex operators are new, while other vertex operators known so far are also shown
for completeness.
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4.1 Wave functions
The wave functions corresponding to the massless IIB supergravity multiplet have already
obtained [3, 4]1:
Φ(λ) = 1 (4.1)
Ψ˜(λ) = k/λ (4.2)
Bµν(λ) = −
1
2
bµν (4.3)
Ψµ(λ) =
i
24
Γαk/λbαµ (4.4)
hµν(λ) =
1
96
bµ
ρbρν (4.5)
Aµνρσ(λ) = −
i
32 · (4!)2
b[µνbρσ]
= −
i
4 · (4!)2
(bµνbρσ + bµρbσν + bµσbνρ) (4.6)
Ψcµ(λ) = −
i
4 · 5!
Γρk/λb
ρσbσµ (4.7)
Bcµν(λ) =
1
6!
bµρb
ρσbσν (4.8)
Ψ˜c(λ) =
1
8!
Γµνk/λbµρb
ρσbσν (4.9)
Ψc(λ) = −
1
8 · 8!
bµ
νbν
λbλ
σbσ
µ. (4.10)
1Signs are corrected in (4.7)∼(4.10).
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One may check the following SUSY transformations
δΦ = ǫ¯2Φ˜ (4.11)
δΦ˜ = k/ǫ1Φ−
i
24
Γµνρǫ2Hµνρ (4.12)
δBµν = −ǫ¯1ΓµνΦ˜ + 2i(ǫ¯2Γ[µΨν] + kµΛν]) (4.13)
δΨµ =
1
24 · 4
[9Γνρǫ1Hµνρ − Γµνρσǫ1H
νρσ] +
i
2
Γνρkρhµνǫ2
+
i
4 · 5!
Γρ1···ρ5Γµǫ2Fρ1···ρ5 + kµξ (4.14)
δhµν = −
i
2
ǫ¯1Γ(µΨν) +
i
2
ǫ¯2Γ(µΨ
c
ν) + k(µξν) (4.15)
δAµνρσ = −
1
(4!)2
ǫ¯1Γ[µνρΨσ] −
1
(4!)2
ǫ¯2Γ[µνρΨσ] + k[µξνρσ] (4.16)
δΨcµ = −
i
2
Γνρkρhµνǫ1 +
i
4 · 5!
Γρ1···ρ5Γµǫ1Fρ1···ρ5
+
1
24 · 4
[9Γνρǫ2H
c
µνρ − Γµ
νρσǫ2H
c
νρσ] + kµξ
c (4.17)
δBcµν = 2i(ǫ¯1Γ[µΨ
c
ν] + k[µΛ
c
ν])− ǫ¯2ΓµνΦ˜
c (4.18)
δΦ˜c = −
i
24
Γµνρǫ1H
c
µνρ + k/ǫ2Φ
c (4.19)
δΦc = ǫ¯1Φ˜
c, (4.20)
where ξ, ξµ, ξµνρ and Λµ are gauge parameters.
4.2 Vertex operator for the dilaton Φ [3, 4]
The dilaton vertex operator V Φ is simply given by (3.10) :
V Φ(A,ψ) = Streik·A, (4.21)
where k2 = 0. Since there is no operator other than eik·A in the symmetrized trace, ”Str” is
equivalent to the ordinary trace.
4.3 Vertex operator for dilatino Φ˜ [3, 4]
The dilatino vertex operator V Φ˜ is read off from the term with a single λ (3.11) as
V Φ˜(A,ψ)Φ˜(λ) = Streik·AG1 = Stre
ik·Aψ¯k/λ = Streik·Aψ¯Φ˜(λ). (4.22)
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We obtain
V Φ˜(A,ψ) = Streik·Aψ¯. (4.23)
The symmetrized trace is identical to ordinary trace.
4.4 Vertex operator of antisymmetric tensor field Bµν [3, 4]
The vertex operator for the antisymmetric tensor Bµν can be obtained from the terms con-
taining two λ’s in the expansions of the supersymmetric Wilson loop. Using (3.17), we
have
V Bµν(A,ψ)B
µν(λ) = Str
1
2
(
(λ¯Γµψ)
δ
δAµ
−
i
2
FµνΓ
µνλ
δ
δψ
)
V Φ˜(A,ψ)Φ˜(λ)
= Str
1
2
(
(λ¯Γµψ)
δ
δAµ
−
i
2
FµνΓ
µνλ
δ
δψ
)
(ψ¯k/λ)eik·A
= Str
(
1
2
(ψ¯k/λ) · (ψ¯k/λ) +
i
4
Fµνb
µν
)
eik·A
= Streik·A
(
1
16
ψ¯ · k/Γµνψ −
i
2
Fµν
)
Bµν(λ). (4.24)
Hence the vertex operator for the antisymmetric tensor field is given by [3, 4]
V Bµν(A,ψ) = Stre
ik·A
(
1
16
ψ¯ · k/Γµνψ −
i
2
Fµν
)
. (4.25)
The vertex operator satisfies
kµV Bµν(A,ψ) = 0. (4.26)
This implies that the coupling of the vertex operator with the background field
V Bµν(A,ψ)B
µν(λ) is gauge invariant.
4.5 Vertex operator for gravitino Ψµ[4]
The third order terms give the gravitino Ψµ vertex operator
V Ψµ (A,ψ) = Stre
ik·A
(
−
i
12
(ψ¯ · k/Γµνψ)− 2Fµν
)
· ψ¯Γν . (4.27)
It can be shown that (4.27) satisfies (3.18):
ǫ
δ
δψ
V Ψµ (A,ψ)Ψ
µ(λ) = V Bµν(A,ψ)(ǫ¯k/λ)B
µν(λ). (4.28)
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Indeed, the left hand side is evaluated as follows
ǫ
δ
δψ
V Ψµ (A,ψ)Ψ
µ(λ) = Streik·A
(
−
i
6
kρ(ǫ¯Γµνρψ) · ψ¯Γ
ν
−
i
12
kρ(ψ¯ · Γµνρψ)ǫ¯Γ
ν − 2Fµν ǫ¯Γ
ν
)
Ψµ(λ)
= Streik·A
(
−
i
4
(ψ¯ · k/Γµνψ)ǫ¯Γ
νΨµ(λ)− 2Fµν ǫ¯Γ
νΨµ(λ)
)
, (4.29)
whereas the right hand side becomes
V Bµν(A,ψ)(ǫ¯k/λ)B
µν(λ) = Streik·A
(
1
16
ψ¯ · k/Γµνψ −
i
2
Fµν
)
2iǫ¯Γ[µΨν](λ). (4.30)
Thus we have established the equation (4.28).
This gravitino vertex operator is shown to satisfy
kµV Ψµ (A,ψ) = 0. (4.31)
The first term of V Ψµ (A,ψ) trivially satisfies this relation, while the second term is calculated
as
kµV Ψµ (A,ψ) = Stre
ik·A2i[ik · A,Aν ]ψ¯Γ
ν
= Str[eik·A, Aν ]2iψ¯Γ
ν
= −Streik·A2i[ψ¯, Aν ]Γ
ν
= 0. (4.32)
In the last line we have used the equation of motion for ψ:
Γµ[Aµ, ψ] = 0. (4.33)
4.6 Vertex operators for graviton hµν and fourth-rank antisym-
metric tensor field Aµνρσ [4]
The next terms with four λ ’s give the vertex operators for the graviton hµν and the fourth-
rank antisymmetric tensor Aµνρσ. In order to derive them, we use (3.17) with n = 4:
V hµν(A,ψ)h
µν(λ) + V Aµνρσ(A,ψ)A
µνρσ(λ)
=
1
4
(
i(λ¯Γµψ)
δ
δAµ
−
i
2
FµνΓ
µνλ
δ
δψ
)
V Ψµ (A,ψ)Ψ
µ(λ). (4.34)
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In evaluating the right hand side we use many Fierz identities and properties of symmetrized
trace. Here we only write down the final results. The vertex operator for the graviton is
given by
V hµν = Stre
ik·A
(
−
1
96
kρkσ
(
ψ¯ · Γµρ
βψ
)
·
(
ψ¯ · Γνσβψ
)
−
i
4
kρψ¯ · Γρβ(µψ · Fν)
β +
1
2
ψ¯ · Γ(µ[Aν), ψ] + 2Fµ
ρ · Fνρ
)
. (4.35)
The vertex operator for the fourth-rank antisymmetric tensor field is given by
V Aµνρσ = Stre
ik·A
(
i
8 · 4!
kαkγ(ψ¯ · Γ[µν
αψ) · (ψ¯ · Γρσ]
γψ) +
i
3
ψ¯ · Γ[νρσ[ψ,Aµ]]
+
1
4
F[µν · (ψ¯ · Γρσ]
γψ)kγ − iF[µν · Fρσ]
)
. (4.36)
These vertex operators satisfy the conservation laws
kµV hµν(A,ψ) = 0, (4.37)
kµV Aµνρσ(A,ψ) = 0. (4.38)
The first term of the graviton vertex operator trivially satisfies this equation, while the
second term is evaluated as
Streik·A
(
−
1
4
kρ(ψ¯ · Γρβνψ)[ik · A,A
β]
)
= Streik·A
(
1
2
ψ¯ · Γρβν [ψ,A
β]
)
= Streik·A
(
+
i
2
ψ¯ · Γν [ψ, ik · A] +
1
2
ψ¯ · k/[ψ,Aν]
)
,
(4.39)
where we used the equation of motion (4.33). Thus we obtain
kµV hµν(A,ψ) = Stre
ik·A
(
− iψ¯ · Γν [ik ·A,ψ] + 2i[Fνρ, A
ρ]
)
= Streik·A
(
+ i{ψα, ψβ}(Γ0Γν)αβ + 2i[Fνρ, A
ρ]
)
= 0. (4.40)
where we have used another equation of motion
[Aν , [Aµ, Aν ]]−
1
2
(Γ0Γµ)αβ{ψα, ψβ} = 0. (4.41)
We can similarly show that the vertex operator for the antisymmetric tensor field satis-
fies the conservation law; multiplying kµ, the first term trivially vanishes while the sec-
ond and third terms cancel with each other. The fourth term vanishes due to the Ja-
cobi identity. Thus the couplings to a graviton and a fourth-rank antisymmetric tensor
V hµν(A,ψ)h
µν(λ), V Aµνρσ(A,ψ)A
µνρσ(λ) are respectively gauge invariant.
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4.7 Vertex operator for gravitino Ψc
µ
The vertex operator for the gravitino Ψcµ can be obtained from the terms with five λ’s by
using the following relation
V Ψ
c
µ (A,ψ)Ψ
cµ(λ) =
1
5
(
i(λ¯Γµψ)
δ
δAµ
−
i
2
FµνΓ
µνλ
δ
δψ
)
(
V hµν(A,ψ)h
µν(λ) + V Aµνρσ(A,ψ)A
µνρσ(λ)
)
. (4.42)
Many identities are needed in order to derive the vertex operator. Carrying out the compli-
cated calculation, we finally obtain
V Ψ
c
µ = Stre
ik·A
(
−
i
2 · 5!
kλkτ (ψ¯ · Γµλ
σψ) · (ψ¯ · Γντσψ) · ψ¯Γ
ν
+
1
24
kλ(ψ¯ · Γλµνψ) · ψ¯Γ
νΓρσ · F
ρσ −
1
6
kλ(ψ¯ · Γλαβψ) · ψ¯Γ
β · F αµ
+
i
3
(ψ¯ · Γµ[Aν , ψ]) · ψ¯Γ
ν +
i
3
(ψ¯ · Γν [Aµ, ψ]) · ψ¯Γ
ν +
i
6
(ψ¯ · Γαβµψ) · [A
α, ψ¯]Γβ
−iFµν · Fρσ · ψ¯Γ
νΓρσ
)
. (4.43)
It can be shown that this gravitino vertex operator satisfies
kµV Ψ
c
(A,ψ) = 0. (4.44)
This assures the gauge invariance of the coupling with gravitino field V Ψ
c
µ (A,ψ)Ψ
cµ(λ). Using
the following identity
(ψ¯Γµ[Aν , ψ])ψ¯Γ
νΨcµ(λ) =
1
2
(ψ¯Γα[Aµ, ψ])ψ¯Γ
αΨcµ(λ) +
1
4
(ψ¯Γναµψ)[Aν , ψ¯]ΓαΨ
c
µ(λ), (4.45)
we can rewritten the vertex operator
V Ψ
c
µ = Stre
ik·A
(
−
i
2 · 5!
kλkτ (ψ¯ · Γµλ
σψ) · (ψ¯ · Γντσψ) · ψ¯Γ
ν
+
1
24
kλ(ψ¯ · Γλµνψ) · ψ¯Γ
νΓρσ · F
ρσ −
1
6
kλ(ψ¯ · Γλαβψ) · ψ¯Γ
β · F αµ
+iψ¯Γµ[Aν , ψ]ψ¯Γ
ν − iFµν · Fρσ · ψ¯Γ
νΓρσ
)
. (4.46)
Since the vertex operator for gravitino is the supercurrent, we obtain the supercurrent for
IIB matrix model
J (2)µ (A,ψ) = (4.43) (or (4.46)). (4.47)
This is conserved due to (4.44).
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4.8 Vertex operator for antisymmetric tensor field Bc
µν
The sixth order terms give the antisymmetric tensor field Bcµν vertex operator. After lengthy
calculations we finally obtained the following new expression
V B
c
µν (A,ψ) = Stre
ik·A
(
−
1
8 · 6!
kλkτkα(ψ¯ · Γµλ
σψ) · (ψ¯ · Γγτσψ) · (ψ¯ · Γ
γ
ανψ)
+
i
64
(ψ¯ · k/Γµαψ) · F
αβ(ψ¯ · k/Γβνψ) +
i
16 · 4!
(ψ¯ · k/Γ[µαψ) · (ψ¯ · k/Γ
ασψ) · Fσν]
−
1
32
ψ¯ · Γ[µ[A
σ, ψ] · (ψ¯ · k/Γσν]ψ)−
1
64
(ψ¯ · k/Γ[µαψ) · ψ¯Γ
α[Aν], ψ]
+
i
4! · 32
Ξµναβγ · (ψ¯ · Γ
αβγψ)−
i
64
[Aα, F
ατ ] · (ψ¯ · Γτµνψ)
+
1
64
(ψ¯ · Γµνρσλτk/ψ) · F
ρσ · F λτ +
1
16
(ψ¯ · Γρσk/ψ) · F
ρσ · F µν
−
1
8
(ψ¯ · Γρσk/ψ) · F
µρ · F νσ +
1
8
(ψ¯ · Γ[µσk/ψ) · F
σα · Fαν]
−
1
32
(ψ¯ · Γµνk/ψ) · F ρσ · Fσρ +
i
4
ψ¯ · Γµνα[Aβ , ψ] · F
αβ
+
i
8
ψ¯ · Γρσ[µ[Aν], ψ] · F
ρσ +
i
4
ψ¯ · Γ(µ[Aρ), ψ] · F
ρ
ν −
i
4
ψ¯ · Γ(ν [Aρ), ψ] · F
ρµ
−iFµρ · F
ρσ · Fσν +
i
4
Fµν · F
ρσ · Fσρ
)
, (4.48)
where Ξµνρστ is defined by
Ξµνρστ = {ψα, ψβ}(Γ0Γµνρστ )αβ. (4.49)
This vertex operator satisfies
kµV B
c
µν (A,ψ) = 0. (4.50)
Hence the coupling V B
c
µν (A,ψ)B
cµν(λ) is gauge invariant.
4.9 Other vertex operators
The next terms with seven λ’s give the vertex operator for the dilatino Φ˜. The calculation
becomes more complicated. We have not yet derived the complete expression so far. Here
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we give a part of our result:
V Φ˜
c
(A,ψ) = Streik·A
(
1
8!
(ψ¯ · Γαγk/ψ) · (ψ¯ · Γγδk/ψ) · (ψ¯ · Γ
δβk/ψ) · ψ¯Γαβ
−
i
2 · 5!
F µα · (ψ¯ · k/Γαβψ) · (ψ¯ · k/Γ
βνψ) · ψ¯Γµν + · · ·
· · · −
1
8 · 4!
F µν · F ρσ(ψ¯ · Γµνρσλαβψ)k
λ · ψ¯Γαβ −
1
12
F µα · Fαβ · (ψ¯ · k/Γ
βνψ) · ψ¯Γµν
−
1
24
F µα · (ψ¯ · k/Γαβψ) · F
βν · ψ¯Γµν −
1
48
F ρσ · (ψ¯ · k/Γρσψ) · F
µν · ψ¯Γµν + · · ·
+ · · ·+
i
24
ψ¯ · ΓµνρσλτF
µν · F ρσ · F λτ + iψ¯ · Γµν(Fµρ · F
ρσ · Fσν −
1
4
F ρσ · Fσρ · Fµν)
)
.
(4.51)
The O(λ8) terms give the vertex operator for the dilaton Φc. It has also partly been obtained
as follows:
V Φ
c
(A,ψ) = Streik·A
(
1
8 · 8!
(ψ¯ · Γαγk/ψ) · (ψ¯ · Γγδk/ψ) · (ψ¯ · Γδβk/ψ) · (ψ¯ · Γαβk/ψ) + · · ·
· · ·
+
i
48
(ψ¯ · Γµνρσλτk/ψ) · F
µν · F ρσ · F λτ + [Aµ, ψ¯] · ΓρσΓνψ · F
µν · F ρσ
+
i
2
(ψ¯ · Γµνk/ψ) · (Fµρ · F
ρσ · Fσν −
1
4
F ρσ · Fσρ · Fµν)
−(Fµν · F
νρ · Fρσ · F
σµ −
1
4
Fµν · F
νµ · Fρσ · F
σρ)
)
. (4.52)
We summarize our results in Appendix B.
5 Kinematic factor of four-graviton amplitude: a con-
sistency check
As we already mentioned, the IIB matrix model was originally proposed as a matrix regular-
ization of the Schild-gauge GS type IIB superstring, and may also be regarded as composed
of the D-instanton degrees of freedom of typeIIB string theory. We have constructed a
set of massless vertex operators of the IIB matrix model by requiring the covariance under
supersymmetry, and therefore they form a massless typeIIB supergravity multiplet by con-
struction. They also appear as factors of one-loop block-block interactions, which serves as a
consistency check. As a further check on the validity, we will show that the kinematic factor
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of the R4 term may be derived by using our vertex operators, precisely in the same manner
as was done by using the light-cone supermembrane vertex operators[5, 10].
Suppose that we consider the following four-graviton amplitude〈
4∏
r=1
V hµrνr(kr)h
µrνr(kr)
〉
. (5.1)
Using the zeromode saturation argument, we find that only the ψ4 term can contribute to
the amplitude
V hµν(k) ∼ −
1
4 · 4!
kλkτStreikA(ψ¯ · Γ σµλ ψ) · (ψ¯ · Γντσψ). (5.2)
Thus (5.1) contains the factor
∫
dψ160
4∏
r=1
kλrr k
τr
r (ψ¯0Γ
σr
µrλr
ψ0) · (ψ¯0ΓνRτrσrψ0), (5.3)
where ψ0 is the zeromode. This is precisely the factor which arises in the four-graviton
amplitude in the D-instanton background computed in [11]. Indeed, our construction of
the IIB matrix-model vertex operators shares some similarity with their construction of the
closed string vertices in the D-instanton background. (5.3) is therefore proportional to t8t8R
4,
which is a consistent result.
6 Conclusions
In this paper we have reported progress in determining the complete form of massless su-
pergravity vertex operators in the IIB matrix model. In principle, they are determined by
supersymmetry, but it becomes harder to carry out the actual computation for higher vertex
operators. We have developed two new methods to lighten our work. After dozens of pages
of Fierz arrangements we have finally reached new formulas for the vertex operators emitting
two higher component fields in the supergravity multiplet.
While it is important to fix the exact form in its own right, vertex operators may be useful
in computing correlation functions in the IIB matrix model. We have taken the same step
as in [5] to compute a four-point graviton amplitude to find a consistent result.
We have extensively used the fact that the simplest kind of supersymmetric Wilson loop
operator satisfies the same equation as the generating function of the Wilson loop correlation
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functions does. The one-loop analysis has already revealed that the effective action has a
form expressed in terms of bilinear of vertex operators. In view of these facts, we conjecture
that the low-energy effective action of the IIB matrix model in the large-N limit is precisely
given by tree-level supergravity coupled to the vertex operators presented here. It is because
they possess the identical N = 2 supersymmetry.
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Appendix
A Notation
In Appendix A, we present the notation used in this paper. Basically, we follow the same
notation as in Ref. [4].
A.1 10D Gamma matrices
We use the Minkowskian spacetime metric
ηµν = diag(−1,+1, · · ·,+1). (A.1)
Gamma matrices are defined by
{Γµ,Γν} = 2ηµν . (A.2)
We use the Majorana-Weyl representation. In this representation Γ0 has the following prop-
erties:
(Γ0)
T = Γ0, (A.3)
(Γ0)
2 = −1, (A.4)
Γ0ΓµΓ0 = −(Γµ)
T . (A.5)
The chirality matrix Γ11 is defined by
Γ11 ≡ Γ0Γ1 · · · Γ9, (A.6)
and satisfies
(Γ11)
2 = 1, (A.7)
(Γ11)
† = Γ11. (A.8)
We denote the anti-symmetrized gamma matrix as follows:
Γµ1µ2···µn = Γµ1Γµ2 · · · Γµn =
1
n!
Γ[µ1Γµ2 · · · Γµn]. (A.9)
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A.1.1 Symmetry and anti-symmetry
In our representation Γ0Γµ1···µn is either symmetric or anti-symmetric. For example,
Γ0 · · · symmetric
Γ0Γµ · · · symmetric
Γ0Γµ1µ2 · · · anti-symmetric
Γ0Γµ1µ2µ3 · · · anti-symmetric
Γ0Γµ1µ2µ3µ4 · · · symmetric
Γ0Γµ1µ2µ3µ4µ5 · · · symmetric.
In general,
(Γ0Γµ1µ2···µn)αβ = (−1)
n(n−1)
2 (Γ0Γµ1µ2···µn)βα. (A.10)
A.1.2 Duality
The following relations hold between Γµ1···µn and Γµn+1···µ10:
Γµ1···µn =
(−1)
k(k−1)
2
(10− k)!
ǫµ1µ2···µ10Γµk+1···µ10Γ11. (A.11)
A.1.3 Multiplication law
The product of two anti-symmetrized gamma matrices can be decomposed in terms of anti-
symmetrized matrices. For instance, the product of Γµ and Γν is decomposed as
ΓµΓν = Γµν + ηµν , (A.12)
and the product of Γµν and Γλ decomposed as
ΓµνΓλ = Γµνλ − 2ηµλΓν . (A.13)
Generally, the following multiplication law of the gamma matrices holds:
Γµ1µ2···µpΓν1ν2···νq =
min(p,q)∑
k=0
(−1)
1
2
k(2p−k−1) p!q!
(p− k)!(q − k)!k!
ηµ1ν1 ··· ηµkνkΓµk+1···µpνk+1···νq .
(A.14)
The above two cases correspond to (p, q) = (1, 1), (p, q) = (2, 1) respectively.
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A.1.4 Commutators and anti-commutators
Using the multiplication law, we can derive the following relations:
{Γµ,Γν} = 2ηµν (A.15)
[Γαβ,Γµ] = −4ηµαΓβ (A.16)
{Γαβγ,Γµ} = 6ηµαΓβγ (A.17)
[Γαβγδ,Γµ] = −8ηµαΓβγδ (A.18)
{Γαβγδλ,Γµ} = 10ηµαΓβγδλ (A.19)
[Γµν ,Γαβ ] = −8ηµαΓνβ (A.20)
[Γµνρ,Γαβ] = 12ηµαΓνρβ (A.21)
[Γµνρσ,Γαβ] = −16ηµαΓνρσβ (A.22)
[Γµνρσγ ,Γαβ] = 20ηµαΓνρσβ (A.23)
{Γµνρ,Γαβγ} = 18ηµαΓνρβγ − 12ηµαηνβηργ . (A.24)
A.1.5 Contractions
The following relations among the gamma matrices hold:
ΓαΓα = 10 (A.25)
ΓαΓµΓα = −8Γµ (A.26)
ΓαΓµνΓα = 6Γµν (A.27)
ΓαΓµνρΓα = −4Γµνρ (A.28)
ΓαΓµνρσΓα = 2Γµνρσ (A.29)
ΓαΓµνρσλΓα = 0 (A.30)
ΓαΓµνρσλτΓα = −2Γµνρσλτ (A.31)
ΓαΓµνρσλτηΓα = 4Γµνρσλτη (A.32)
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ΓαβΓαβ = −90 (A.33)
ΓαβΓµΓαβ = −54Γµ (A.34)
ΓαβΓµνΓαβ = −26Γν (A.35)
ΓαβΓµνρΓαβ = −6Γµνρ (A.36)
ΓαβΓµνρσΓαβ = 6Γµνρσ (A.37)
ΓαβΓµνρσλΓαβ = 10Γµνρσλ (A.38)
ΓαβγΓαβγ = −720 (A.39)
ΓαβγΓµΓαβγ = 288Γµ (A.40)
ΓαβγΓµνΓαβγ = −48Γµν (A.41)
ΓαβγΓµνρΓαβγ = −48Γµνρ (A.42)
ΓαβγΓµνρσΓαβγ = 48Γµνρσ (A.43)
ΓαβγΓµνρσλΓαβγ = 0. (A.44)
A.2 Majorana-Weyl spinors and fermion bilinears
In ten dimensions, a spinor ψ can be both Weyl and Majorana. Weyl means that ψ is an
eigenstate of the chirality operator Γ11,
Γ11ψ = ±ψ, (A.45)
while Majorana means that the charge conjugate of ψ is ψ itself:
ψc = ψ. (A.46)
In our representation of gamma matrices we have
ψc = ψ∗. (A.47)
Hence the Majorana condition becomes
ψ∗ = ψ. (A.48)
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Let us consider a fermion bilinear ψ¯1Γµ1···µnψ2. If ψ1 and ψ2 are Weyl spinors with positive
chirality, they satisfy the following relations:
ψ¯1Γµ1···µnψ2 = ψ
†
1Γ0Γµ1···µnΓ11ψ2
= (−1)n+1ψ†1Γ11Γ0Γµ1···µnψ2
= (−1)n+1ψ¯1Γµ1···µnψ2. (A.49)
Hence, bilinear forms vanish unless n is odd.
Next, let ψ1 and ψ2 be Majorana spinors, then
ψ¯1Γµ1···µnψ2 = (ψ1)α(Γ0Γµ1···µn)αβ(ψ2)β
= −(−1)
n(n−1)
2 (ψ2)β(Γ0Γµ1···µn)βα(ψ1)α
= −(−1)
n(n−1)
2 ψ¯2Γµ1···µnψ1. (A.50)
If ψ1 = ψ2, the bilinear form vanishes unless n = 2, 3, 6, 7, 10.
In summary, If ψ is a Majorana-Weyl spinor, the bilinear form ψ¯Γµ1···µnψ vanishes unless
n = 3, 7.
A.3 The Fierz identity
The Fierz identity is given by [12]
(ψ¯Mχ)(λ¯Nψ) = −
1
32
5∑
n=0
Cn(ψ¯Γµ1···µnφ)(λ¯NΓ
µ1···µnMχ), (A.51)
C0 = 2, C1 = 2, C2 = −1, C3 = −
1
3
, C4 =
1
12
, C5 =
1
120
. (A.52)
We can derive many identities using the above Fierz rearrangement formula; we present some
of them. In the following formulas λ is a Majorana-Weyl spinor and k2 = 0. fµ1···µn is an
anti-symmetric tensor.
A.3.1 λ2
The following relations hold:
(ǫ¯k/λ)λ¯ =
1
96
(λ¯Γαβγλ)ǫ¯k/Γ
αβγ
=
1
16
bαβ ǫ¯Γ
αβ −
1
96
(λ¯Γαβγλ)ǫ¯Γ
αβγk/ (A.53)
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(ǫ¯1Γ
ρλ)(λ¯Γρǫ2) = −
1
24
(λ¯Γαβγλ)(ǫ¯1Γ
αβγǫ2) (A.54)
(ǫ¯Γνλ)λ¯k/Γν =
1
8
bαβ ǫ¯Γ
αβ +
1
48
(λ¯Γαβγλ)ǫ¯Γ
αβγk/ (A.55)
(ǫ¯1k/λ)(λ¯k/ǫ2) =
1
16
bαβ(ǫ¯1k/Γαβǫ2) (A.56)
(ψ¯k/λ)2 = −
1
16
b˜µνbµν , (A.57)
where bµν = (λ¯k/Γµνλ), and b˜µν = (ψ¯k/Γµνψ).
A.3.2 λ3
The following identities hold:
Γαβλ(λ¯Γαβγλ) = 0 (A.58)
Γαβγλ(λ¯Γαβγλ) = 0 (A.59)
(λ¯Γαβγλ)λ¯ =
1
2
(λ¯Γτ
αβλ)λ¯ΓτΓγ (A.60)
Γµνk/λ b
µν = 0 (A.61)
(ψ¯k/λ)3 = −
1
48
b˜µν(ψ¯ΓµΓαk/λ)b
α
ν . (A.62)
A.3.3 λ4
The following identities hold:
bµνb
µν = 0 (A.63)
(λ¯Γταβλ)bτ
γ = 0 (A.64)
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bµνbρσ =
1
3
(bµνbρσ + bµρbσν + bµσbνρ)
−
2
3
ηµρbν
αbασ
−
1
3
kµbν
α(λ¯Γρσαλ)
−
1
3
kρbσ
α(λ¯Γµναλ) (A.65)
bµνbρσ = bµρbσν
−ηµρbν
αbασ
−
1
2
kµbν
α(λ¯Γρσαλ)
−
1
2
kρbσ
α(λ¯Γµναλ) (A.66)
bντ (λ¯ΓνΓαβγΓτλ)f
αβγ = 0 (A.67)
bτν(λ¯ΓνΓµ1µ2µ3µ4µ5Γτλ)f
µ1µ2µ3µ4µ5 = 40bµ1µ2(λ¯Γµ3µ4µ5λ)f
µ1µ2µ3µ4µ5 (A.68)
(ǫ¯k/λ)Γαk/λ bαµ =
1
8
Γαk/ǫbµβb
β
α +
1
16
Γαβγk/ǫbµαbβγ (A.69)
(ψ¯k/λ)4 =
1
4 · 96
b˜µαb˜α
νbµβb
β
ν +
1
8 · 96
b˜µν b˜ρσ(bµνbρσ + bµρbσν + bµσbνρ) (A.70)
1
5!
ǫα1α2α3α4α5β1β2β3β4β5kβ1bβ2β3bβ4β5 = k
α1bα2α3bα4α5 . (A.71)
A.3.4 λ5
The following identities hold:
ΓαΓβk/λbµαbβν =
3
5
k/ΓµΓ
αλbαβb
β
ν −
2
5
k/ΓνΓ
αλbαβb
β
µ (A.72)
23
λbµαb
α
ν =
1
10
Γ(µΓ
αλbα
βbβν) +
1
10
k/Γαλ(λ¯Γα(µβλ)b
β
ν)
=
1
6
Γ(µΓ
αλbα
βbβν) −
1
6
Γαk/λ(λ¯Γα(µβλ)b
β
ν) (A.73)
(ǫ¯k/λ)bµαb
α
ν =
1
10
(ǫ¯k/Γ(µΓ
βλ)bβαb
α
ν) (A.74)
=
1
10
(ǫ¯Γ(µΓαk/λ)b
α
βb
β
ν) +
1
5
k(µ(ǫ¯Γ
αλ)bαβb
β
ν) (A.75)
Γαβλbαν(λ¯Γρσβλ)f
νρσ = −2ΓνΓ
αλ(λ¯Γαρβλ)b
β
σf
νρσ (A.76)
Γαβλbραbβσf
ρσ = ΓρΓ
αλbαβb
β
σf
ρσ + k/Γαλ(λ¯Γαρβλ)b
β
σf
ρσ
= ΓρΓ
αλbαβb
β
σf
ρσ − Γαk/λ(λ¯Γαρβλ)b
β
σf
ρσ (A.77)
Γαβk/λb
µαbβν = k/ΓµΓαλbαβb
βν (A.78)
Γαλbανbρσf
νρσ = −
1
5
ΓνΓ
αβλbραbβσf
νρσ −
1
10
k/ΓαΓβλbαν(λ¯Γρσβλ)f
νρσ
= −
1
5
ΓνρΓ
αλbαβb
β
σf
νρσ
−
2
5
kνΓ
αλ(λ¯Γαρβλ)b
β
σf
νρσ
+
2
5
k/ΓνΓ
αλ(λ¯Γαρβλ)b
β
σf
νρσ (A.79)
(ǫ¯k/λ)bµνbρσf
µνρσ = −
1
15
(ǫ¯k/ΓµνρΓ
αλ)bαβb
β
σf
µνρσ
−
2
5
kµ(ǫ¯Γνk/Γαλ)(λ¯Γ
α
ργλ)b
γ
σf
µνρσ (A.80)
24
ΓµνρΓαβλbµνbρσf
αβ = −
2
5
ΓαβΓ
δλbδηb
ησfαβ
+
24
5
ηασΓ
δλbδηb
η
βf
αβ
−
4
5
ΓσΓαΓ
δλbδηb
η
βf
αβ
−
8
5
Γαk/Γ
δλ(λ¯Γδβηλ)b
η
σf
αβ
−
16
5
kσΓ
δλ(λ¯Γδαηλ)b
η
βf
αβ
−
32
5
kαΓ
δλ(λ¯Γδβηλ)b
η
σf
αβ
+
16
5
Γσk/Γ
δλ(λ¯Γδαηλ)b
η
βf
αβ (A.81)
k/λbτ
ν(λ¯Γαβτλ) = −
1
10
k/ΓνΓδλb
δτ (λ¯Γτ
αβλ) +
1
5
k/ΓαΓδλ(λ¯Γ
δβτλ)bτ
ν (A.82)
ΓαΓνk/λbτ
ν(λ¯Γαβτλ) = −2Γνλbν
τbτ
β (A.83)
(ψ¯k/λ)5 =
1
4 · 5 · 48
b˜µαb˜α
ν(ψ¯ΓµΓβk/λ)b
β
γb
γ
ν . (A.84)
A.3.5 λ6
The following identities hold:
bαβb
βγbγ
α = 0 (A.85)
25
bρσbµαb
α
νS
µνf ρσ = −
8
15
ηρµbσβb
β
αb
α
νS
µνf ρσ
−
1
15
ηµνbρ
βbβαb
α
σS
µνf ρσ
+
7
15
kµbν
α(λ¯Γαρβλ)b
β
σS
µνf ρσ
−
2
15
kµbρ
α(λ¯Γανβλ)b
β
σS
µνf ρσ
+
1
15
kµbρ
α(λ¯Γασβλ)b
β
νS
µνf ρσ
+
8
15
kρbµ
α(λ¯Γανβλ)b
β
σS
µνf ρσ (A.86)
(λ¯k/ǫ)Γαk/λb
αβbβµ =
1
8
kαΓαβǫb
β
γb
γδbδµ
−
1
48
Γµνρσǫk
νbραbαβb
βσ
−
1
48
kµΓ
νρσλǫkνbρ
α(λ¯Γασβλ)b
β
λ (A.87)
(λ¯k/ΓµΓθǫ)Γαk/λb
αβbβµ =
1
4
ΓνβµΓθǫkνbβ
γbγδb
δ
µ (A.88)
(λ¯Γαǫ1)(ǫ¯2Γ
ρΓβk/λ)b
β
δb
δµ =
1
96
(ǫ¯2Γ
ρkλΓβλµ1µ2µ3Γ
αǫ1)(λ¯Γ
µ1µ2µ3λ)bβδb
δµ
−
3
32
(ǫ¯2Γ
ρkλΓλµ2µ3Γ
αǫ1)b
µ2
δ(λ¯Γ
δµ3ηλ)bη
µ
+
1
96
kµ(ǫ¯2Γ
ρΓµ1µ2µ3Γ
αǫ1)b
µ1
δ(λ¯Γ
δµ2ηλ)bη
µ3
−
1
24
(ǫ¯2Γ
ρkλΓλµ2µ3Γ
αǫ1)b
µ2
δ(λ¯Γ
δµηλ)bη
µ3
−
1
96
(ǫ¯2Γ
ρΓµµ2µ3Γ
αǫ1)b
µ2δbδηb
ηµ3
−
1
16
(ǫ¯2Γ
ρΓµ3Γ
αǫ1)b
µ3
βb
β
δb
δµ (A.89)
(λ¯Γµǫ1)(ǫ¯2Γ
ρΓβk/λ)b
β
δb
δµ = −
1
8
(ǫ¯2Γ
ρkλΓλµ1µ2µ3ǫ1)b
µ1
δ(λ¯Γ
δµ2ηλ)bη
µ3
−
1
8
(ǫ¯2Γ
ρΓµ2µ3ǫ1)b
µ2δbδηb
ηµ3 (A.90)
bρσbλ
βbβµf
ρσλ = −
1
3
ηµρbσ
αbαβb
β
λf
ρσλ
+
1
3
kµbρ
α(λ¯Γασβλ)b
β
λf
ρσλ
−
1
3
kρbσ
α(λ¯Γαµβλ)b
β
λf
ρσλ (A.91)
26
(ψ¯k/λ)6 = −
1
8 · 6!
b˜µαb˜αβ b˜
βνbµγb
γδbδν (A.92)
1
5!
ǫα1α2α5β1β2β3βbeta5α3α4kβ1bβ2β3bβ4β5bα3α4 = k
α1bα2α3bα3α4b
α4α5 , (A.93)
where Sµ1···µn is a symmetric tensor.
A.3.6 λ7
The following identities hold:
(ǫ¯k/λ)bµρb
ρσbσν =
1
3
(ǫ¯ΓρΓαk/λ)bµρb
ασbσν (A.94)
(ǫ¯ΓρΓαk/λ)b
α
µb
ρσbσν = (ǫ¯k/λ)bµρb
ρσbσν (A.95)
(ǫ¯k/λ)bµρb
ρσbσνf
µν =
1
7
(ǫ¯k/ΓµΓαλ)b
α
ρb
ρσbσνf
µν (A.96)
Γµλbµαb
αβbβν = −
1
8
ΓνΓ
αβλbαγb
γδbδβ −
1
8
k/Γαβλbαγb
γδ(λ¯Γδνβλ)
= −
1
8
ΓνΓ
αβλbαγb
γδbδβ −
1
8
k/Γαβλbα
γ(λ¯Γγνδλ)b
δ
β (A.97)
Γµk/λb
µρbρσb
σν =
1
8
k/ΓνΓ
αβλbαγb
γδbδβ
= −
1
8
ΓνΓαβk/λb
α
ρb
ρσbσ
β +
1
4
kνΓαβλb
α
ρb
ρσbσ
β (A.98)
27
(ǫ¯k/λ)bµρb
ρσbσνf
µν = −
1
56
(ǫ¯ΓµνΓαβk/λ)b
α
ρb
ρσbσ
βfµν
−
1
28
kµ(ǫ¯ΓνΓαβλ)b
α
ρb
ρσbσ
βfµν
+
2
7
kµ(ǫ¯Γαλ)b
α
ρb
ρσbσνf
µν
= −
1
56
(ǫ¯ΓµνΓαβk/λ)b
α
ρb
ρσbσ
βfµν
−
1
14
kµ(ǫ¯ΓνΓαβλ)b
α
ρb
ρσbσ
βfµν
−
1
28
kµ(ǫ¯k/Γ
αβλ)bα
γ(λ¯Γγνδλ)b
δ
βf
µν (A.99)
Γαδλb
δ
µb
αβbβνf
µν =
1
3
Γµδλb
δθbθβb
β
νf
µν
−
1
3
kδΓαδλbµ
θ(λ¯Γθαβλ)b
β
νf
µν
+
1
3
kαΓαδλ(λ¯Γ
δ
µθλ)b
θ
βb
β
νf
µν (A.100)
Γδk/λ(λ¯Γδµαλ)b
αβbβνf
µν =
1
20
k/ΓνΓαβλb
αδ(λ¯Γδµτλ)b
τβfµν
−
11
5
λbµδb
δ
τb
τ
νf
µν
+
3
5
ΓµΓ
ηλbητ b
τδbδνf
µν (A.101)
Γαk/λb
αδ(λ¯Γδµτλ)b
τ
νf
µν =
3
20
k/ΓνΓαβλb
αδ(λ¯Γδµτλ)b
τβfµν
+
7
5
λbµδb
δ
τb
τ
νf
µν
−
1
5
ΓµΓ
ηλbητ b
τδbδνf
µν (A.102)
Γτηλb
η
µb
τδbδνf
µν = −
1
20
k/ΓνΓαβλb
αδ(λ¯Γδµτλ)b
τβfµν
−
4
5
λbµδb
δ
τ b
τ
νf
µν
+
2
5
ΓµΓ
ηλbητ b
τδbδνf
µν (A.103)
28
(ψ¯k/λ)7 =
1
8 · 8!
b˜αγ b˜γδ b˜
δβ(ψ¯ΓαβΓµνk/λ)b
µρbρσb
σν . (A.104)
A.3.7 λ8
The following identities hold:
bαβb
βγbγδb
δα = −bµνb
µρbρσb
σν (A.105)
Γαµνβγǫkαbµνbβρb
ρσbσγ = 0 (A.106)
(ǫ¯k/λ)Γµνk/λbµρb
ρσbσν = −
1
8
k/ǫbµρb
ρσbσνb
νµ (A.107)
(ψ¯k/λ)8 = −
1
82 · 8!
b˜αγ b˜γδ b˜
δβ b˜αβbµρb
ρσbσνb
νµ. (A.108)
A.4 The symmetrized trace
The symmetrized trace ”Str” is defined by
Streik·AB1 · B2 · · · Bn =
∫ 1
0
dt1
∫ 1
t1
dt2 · · ·
∫ 1
tn−2
dtn−1
×treik·At1B1e
ik·A(t2−t1)B2 · · · e
ik·A(tn−1−tn−2)Bn−1e
ik·A(1−tn−1)Bn
+(permutations of Bi
′s(i = 2, 3 · · · n)). (A.109)
The dot on the left hand side indicates that the operators Bi are symmetrized. If we set
k = 0, the symmetrized trace becomes
Str(B1 · B2 · · · ·Bn) =
1
n!
∑
perm.
tr(Bi1Bi2 · · · Bin). (A.110)
The explicit forms with two and three inserted operators are written as
Str(eik·AB · C) = tr
∫ 1
0
dteik·AtBeik·A(1−t)C, (A.111)
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Str(eik·AB · C ·D) = tr
∫ 1
0
dt1
∫ 1
t1
dt2e
ik·At1Beik·A(t2−t1)Ceik·A(1−t2)D
+(C ↔ D), (A.112)
where all the matrices are bosonic. The definitions for fermionic matrices can be similarly
obtained by replacing the bosonic matrices with the fermionic ones.
The relations below follow from the definition:
Str(eik·AB · C) = Str(eik·AC · B), (A.113)
Str(eik·AB · C ·D) = Str(eik·AC · B ·D) = Str(eik·AC ·D · B) = · · ·. (A.114)
That is, we can permute matrices in the symmetrized trace. In particular, there are no
ordering ambiguities in symmetrized trace. For fermionic matrices, an appropriate change
of sign must be included.
Another useful equation related to the symmetrized trace is
Str(eik·A[ik · A,B]C1 · C2 · · · Cn) = −Str(e
ik·A[C1, B] · C2 · · · Cn)
−Str(eik·AC1 · [C2, B] · · · Cn)
− · · ·
−Str(eik·AC1 · C2 · · · [Cn, B]). (A.115)
These relations above are frequently used in this paper to derive the vertex operators.
A.4.1 The Ξ term
Let us consider Str(eik·Aψα ·ψβ)(Γ0Γµ1···µn)αβ and Str(e
ik·A{ψα, ψβ})(Γ0Γµ1···µn)αβ, where ψ is
an n×n Majorana-Weyl fermionic matrix. Since hey vanish if n is even (because ψ is Weyl),
we only need to consider the case for odd n. Note that Str(eik·Aψα ·ψβ) is anti-symmetric in α
and β, whereas Str(eik·A{ψα, ψβ}) is symmetric. Due to (A.10), Str(eik·Aψα·ψβ)(Γ0Γµ1···µn)αβ
is zero unless n = 3, 7, whereas Str(eik·A{ψα, ψβ}) (Γ0Γµ1···µn)αβ vanishes unless n = 1, 5, 9.
Γµ1···µ9 can be described by Γν1 using the duality relation of gamma matrices(A.11), and
hence reduces to n = 1. In order to deal with {ψα, ψβ}(Γ0Γµ)αβ, we can make use of the
equation of motion. For n = 5, we introduce a new notation Ξ as
Ξµ1µ2µ3µ4µ5 ≡ {ψα, ψβ}(Γ0Γµ1µ2µ3µ4µ5)αβ. (A.116)
30
Although unfamiliar in the literature, it necessarily appears in the expressions of the vertex
operators.
Finally, we give a useful Fierz identity related to {ψα, ψβ}:
Str(eik·Aψ¯ · Γµ{ψ, ψ¯}Γνλ) = Str(e
ik·Aψα · (Γ0Γµ)αβ{ψβ, ψγ}(Γ0)γδ(Γν)δǫλǫ)
= Str(eik·A
1
16
{ψγ , ψβ}(Γ0Γ
τ )γβ · (ψ¯ΓµΓτΓνλ))
+Str(eik·A
1
32
·
1
5!
Ξτ1τ2τ3τ4τ5 · (ψ¯ΓµΓτ1τ2τ3τ4τ5Γνλ)).
(A.117)
If k = 0 and µ = ν, the above formula becomes
trψ¯Γµ{ψ, ψ¯}Γ
µλ = −tr
1
2
(ψ¯Γτλ){ψ¯Γτ , ψ}. (A.118)
B 10D Vertex Operators
V Φ(A,ψ) = treik·A
V Φ˜(A,ψ) = Streik·Aψ¯
V Bµν(A,ψ) = Stre
ik·A
(
1
16
kρ(ψ¯ · Γµνρψ)−
i
2
[Aµ, Aν ]
)
V Ψµ (A,ψ) = Stre
ik·A
(
−
i
12
kρ(ψ¯ · Γµνρψ)− 2[Aµ, Aν ]
)
· ψ¯Γν
V hµν(A,ψ) = Stre
ik·A
(
−
1
96
kρkσ
(
ψ¯ · Γµρ
βψ
)
·
(
ψ¯ · Γνσβψ
)
−
i
4
kρψ¯ · Γρβ(µψ · Fν)
β +
1
2
ψ¯ · Γ(µ[Aν), ψ] + 2Fµ
ρ · Fνρ
)
V Aµνρσ(A,ψ) = Stre
ik·A
(
i
8 · 4!
kαkγ(ψ¯ · Γ[µν
αψ) · (ψ¯ · Γρσ]
γψ) +
i
3
ψ¯ · Γ[νρσ[ψ,Aµ]]
+
1
4
F[µν · (ψ¯ · Γρσ]
γψ)kγ − iF[µν · Fρσ]
)
V Ψ
c
µ (A,ψ) = Stre
ik·A
(
−
i
2 · 5!
kλkτ (ψ¯ · Γµλ
σψ) · (ψ¯ · Γντσψ) · ψ¯Γ
ν
+
1
24
kλ(ψ¯ · Γλµνψ) · ψ¯Γ
νΓρσ · F
ρσ −
1
6
kλ(ψ¯ · Γλαβψ) · ψ¯Γ
β · F αµ
+
i
3
(ψ¯ · Γµ[Aν , ψ]) · ψ¯Γ
ν +
i
3
(ψ¯ · Γν [Aµ, ψ]) · ψ¯Γ
ν +
i
6
(ψ¯ · Γαβµψ) · [A
α, ψ¯]Γβ
−iFµν · Fρσ · ψ¯Γ
νΓρσ
)
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V B
c
µν (A,ψ) = Stre
ik·A
(
−
1
8 · 6!
kλkτkα(ψ¯ · Γµλ
σψ) · (ψ¯ · Γγτσψ) · (ψ¯ · Γ
γ
ανψ)
+
i
64
(ψ¯ · k/Γµαψ) · F
αβ(ψ¯ · k/Γβνψ) +
i
16 · 4!
(ψ¯ · k/Γ[µαψ) · (ψ¯ · k/Γ
ασψ) · Fσν]
−
1
32
ψ¯ · Γ[µ[A
σ, ψ] · (ψ¯ · k/Γσν]ψ)−
1
64
(ψ¯ · k/Γ[µαψ) · ψ¯Γ
α[Aν], ψ]
+
i
4! · 32
Ξµναβγ · (ψ¯ · Γ
αβγψ)−
i
64
[Aα, F
ατ ] · (ψ¯ · Γτµνψ)
+
1
64
(ψ¯ · Γµνρσλτk/ψ) · F
ρσ · F λτ +
1
16
(ψ¯ · Γρσk/ψ) · F
ρσ · F µν
−
1
8
(ψ¯ · Γρσk/ψ) · F
µρ · F νσ +
1
8
(ψ¯ · Γ[µσk/ψ) · F
σα · Fαν]
−
1
32
(ψ¯ · Γµνk/ψ) · F ρσ · Fσρ +
i
4
ψ¯ · Γµνα[Aβ, ψ] · F
αβ
+
i
8
ψ¯ · Γρσ[µ[Aν], ψ] · F
ρσ +
i
4
ψ¯ · Γ(µ[Aρ), ψ] · F
ρ
ν −
i
4
ψ¯ · Γ(ν [Aρ), ψ] · F
ρµ
−iFµρ · F
ρσ · Fσν +
i
4
Fµν · F
ρσ · Fσρ
)
V Φ˜
c
(A,ψ) = Streik·A
(
1
8!
(ψ¯ · Γαγk/ψ) · (ψ¯ · Γγδk/ψ) · (ψ¯ · Γ
δβk/ψ) · ψ¯Γαβ
−
i
2 · 5!
F µα · (ψ¯ · k/Γαβψ) · (ψ¯ · k/Γ
βνψ) · ψ¯Γµν + · · ·
· · · −
1
8 · 4!
F µν · F ρσ(ψ¯ · Γµνρσλαβψ)k
λ · ψ¯Γαβ −
1
12
F µα · Fαβ · (ψ¯ · k/Γ
βνψ) · ψ¯Γµν
−
1
24
F µα · (ψ¯ · k/Γαβψ) · F
βν · ψ¯Γµν −
1
48
F ρσ · (ψ¯ · k/Γρσψ) · F
µν · ψ¯Γµν + · · ·
+ · · ·+
i
24
ψ¯ · ΓµνρσλτF
µν · F ρσ · F λτ + iψ¯ · Γµν(Fµρ · F
ρσ · Fσν −
1
4
F ρσ · Fσρ · Fµν)
)
V Φ
c
(A,ψ) = Streik·A
(
1
8 · 8!
(ψ¯ · Γαγk/ψ) · (ψ¯ · Γγδk/ψ) · (ψ¯ · Γδβk/ψ) · (ψ¯ · Γαβk/ψ) + · · ·
· · ·+
i
48
(ψ¯ · Γµνρσλτk/ψ) · F
µν · F ρσ · F λτ + [Aµ, ψ¯] · ΓρσΓνψ · F
µν · F ρσ
+
i
2
(ψ¯ · Γµνk/ψ) · (Fµρ · F
ρσ · Fσν −
1
4
F ρσ · Fσρ · Fµν)
−(Fµν · F
νρ · Fρσ · F
σµ −
1
4
Fµν · F
νµ · Fρσ · F
σρ)
)
.
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